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Abstract. It is well known that a line in K 2 is not a set of injectivity for 
the spherical means for odd functions about that line. We prove that any 
line passing through the origin is a set of injectivity for the twisted spherical 
means (TSM) for functions / € L 2 (C), whose each of spectral projection 
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e3 |z| / x ipk is a polynomial. Then, we prove that any Coxeter system of 
even number of lines is a set of injectivity for the TSM for L q (C), 1 < q < 2. 



1. Introduction 

In an interesting result, Courant and Hilbert ([8], p. 699) had proved that 
if average of an even function about a line L vanishes over all circles centered 
at L, then / = 0. As a consequence of this result, any line L in IR 2 is not a set 
of injectivity for the spherical means for the odd functions about L. 

However, this result does not continue to hold for injectivity of the twisted 
spherical means on complex plane C, because of non- commutative nature of 
underlying geometry of the Heisenberg group, (see [5j El [7J [TT] ) . The question, 
in general that any real analytic curve can be a set of injectivity for the twisted 
spherical mean for L 2 (C), is still an open problem. However, we are able to 
prove the following partial results for the TSM. 

Let / G L 2 (C) be such that for each k G Z + (set of non-negative integers), 

1 I |2 

the projection e*' 2 ' / x (p k is a polynomial. Suppose the twisted spherical mean 
/ x fi r (x) of the function / vanishes Vr > and Vx G IR. Then / = a.e. That 
is, the X-axis is a set of injectivity for the TSM on C. 

By rotation, it follows that any line passing through the origin is a set of 
injectivity for the TSM. Since / x tp^ is a real analytic function, in the above 
case, we only need the centers to be a sequence in IR having a limit point. 

With the same exponential condition, we observe that any curve 7(t) = 
(li(t)i 72(£))j which passes through the origin, where jj, j = 1,2 are poly- 
nomials is also a set of injectivity for the TSM. It is an interesting question, 
wether a real analytic curve is a set of injectivity for the TSM for a smooth 
class of functions. 
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Further, to complete the arguments of our idea, we prove that any two 
perpendicular lines is a set of injectivity for the TSM on L q (C). Moreover, 
this result implies that any Coxeter system of even number of lines is a set of 
injectivity for the TSM on L q (C). These results for the twisted spherical means 
are in sharp contrast to the well known result for injectivity of the Euclidean 
spherical means on M 2 , due to Agranovsky and Quinto [2]. 

On the basis of these striking results, it is therefore natural to ask, whether 
any Coxeter system of odd number of lines can be a set of injectivity for the 
TSM. We believe, our techniques with slight modifications would continue to 
work for any Coxeter system of lines to be a set of injectivity for the TSM, 
which we leave open for the time being. 

In 1996, Agranovsky and Quinto have proved a major breakthrough result in 
the integral geometry, which completely characterizes the sets of injectivity for 
the spherical means on the space of compactly supported continuous functions 
on IR 2 . Their result says that the exceptional set for the sets of injectivity is a 
very thin set which consists of a Coxeter system of lines union finitely many 
points. 

Let n r be the normalized surface measure on sphere S r (x). Let & C Lj oc (R n ) 
We say that S C ]R n is a set of injectivity for the spherical means for 3? if for 
/ G & with / * \i r {x) = 0, Vr > and Vx G S, implies / = a.e. 

Theorem 1.1. [2] A set S cl 2 is a set of injectivity for the spherical means 
forC c (M. 2 ) if and only if S ^ oj(En) ] JF, where u is a rigid motion of 'IR 2 , E jv = 
U^ = Q 1 {te i ^' : t G IR} is a Coxeter system of N lines and F is a finite set in IR 2 . 

In particular, any closed curve is a set of injectivity for C C (IR 2 ). In fact, 
Agranovsky et al. [1] further prove that the boundary of any bounded domain 
in M. n (n > 2) is set of injectivity for the spherical means on L p (IR n ), with 
1 < p < -rrf- For p > unit sphere S n ~ l is an example of non- injectivity 
set in M. n . This result has been generalized for certain weighted spherical means, 
see [15] . In general, the question of set of injectivity for the spherical means 
with real analytic weight is still open. In [15], it has been shown that 5* n_1 is 
a set of injectivity for the spherical means with real analytic weights for the 
class of radial functions. 

An analogue of Theorem 11.11 in the higher dimensions is still open and ap- 
peared as a conjecture in their work [2]. It says that the sets of non- injectivity 
for the Euclidean spherical means are contained in a certain algebraic variety. 
Following is their conjecture. 

Conjecture [2J. A set S C IR n is a set of injectivity for the spherical means 
for C C (IR 2 ) if and only if S ^ u;(E) UF, where a; is a rigid motion of IR n , E 
is the zero set of a homogeneous harmonic polynomial and F is an algebraic 
variety in W 1 of co-dimension at most 2. 

This conjecture remains unsolved, however a partial result related to this 
conjecture has been proved by Kuchment et al. [I]. They also present a brief 
survey on the recent development towards the above conjecture. However, in 
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this article, we observe that this conjecture does not continue to hold for the 
spherical means on the Heisenberg group HI 1 = C x R. In fact result on HI 1 is 
an adverse to the Euclidean result, Theorem 11.11 on IR 2 . 

In more general, let / £ Zj oc (C n ) and write S(f) = {z £ C n : / x fi r (z) = 
0, Vr > 0}. Our main problem is to describe completely the geometrical struc- 
ture of S(f) that would characterize which "sets" are set of injectivity for 
the TSM. For example, let / be a type function f(z) = a(\z\)P(z) £ L 2 (C n ), 
where P £ H p q . Here H p q is the space of homogeneous harmonic polynomials 
on C n of type 

P{z) = Yl CotpfzP. 
\<A=p,\P\=<i 

Then S(f) C P" 1 (0). This means a set S C CP is set of injectivity for twisted 
spherical means for type functions if and only if S P~ 1 (0). Since P is 
harmonic, by maximal principle P _1 (0) can not contain the boundary of any 
bounded domain in CP Hence the boundary of any bounded domain would 
be a possible candidate for set of injectivity for the TSM. The question that 
the boundary of the bounded domain is a set of injectivity for the TSM has 
been taken up by many authors (see [31 (El ETJ). In a result of Narayanan and 
Thangavelu [16J, it has been proved that the spheres centered at the origin are 
sets of injectivity for the TSM on CP The author has generalized the result 
of [16] for certain weighted twisted spherical means, (see [20]). In general, the 
question of set of injectivity for the twisted spherical means (TSM) with real 
analytic weight is still open. 

2. Notation and Preliminaries 

We define the twisted spherical means which arise in the study of spherical 
means on Heisenberg group. The group EI™, as a manifold, is C n x R with the 
group law 

(z, t)(w, s) = (z + w, t + s + -lm(z.w)), z, w £ C n and t, s £ R. 

Li 

Let fj, s be the normalized surface measure on the sphere {(z, 0) : \z\ = s} C HP. 
The spherical means of a function / in L 1 (H n ) are defined by 

(2.1) f*fJL.(z,t)= [ f((z,t)(-w,0)) dfi s (w). 

J \w\=s 

Thus the spherical means can be thought of as convolution operators. An im- 
portant technique in many problem on HP is to take partial Fourier transform 
in the t- variable to reduce matters to C n . Let 

f\ z )= [ f(z,ty xt dt 

JR 

be the inverse Fourier transform of / in the t- variable. Then a simple calcula- 
tion shows that 
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(f*l2 s )\z) = I f * fx s (z,t)e iM dt 

f\z - w)e% lm{z ^ d(i a (w) 



\w\=s 
A 



where \i s is now being thought of as normalized surface measure on the sphere 
S s (o) = {z G C n : \z\ = s} in C n . Thus the spherical mean / * fi s on the 
Heisenberg group can be studied using the A- twisted spherical mean f x x \ ji s 
on C n . For A 7^ 0, a further scaling argument shows that it is enough to study 
these means for the case of A = 1 . 

Let & C Lj (C n ). We say S C C™ is a set of injectivity for twisted spherical 
means for & if for / G & with / x fi r (z) = 0,Vr > and Vz G 5, implies 
/ = a.e. The results on set of injectivity differ in the choice of sets and the 
class of functions considered. We would like to refer to [31 [161 ED], for some 
results on the sets of injectivity for the TSM. 



We need the following basic facts from the theory of bigraded spherical 
harmonics (see [24], p. 62 for details). We shall use the notation K = U(n) 
and M = U(n-l). Then, S 2n ~ l = K/M under the map kM -»■ k.e n , k G U{n) 
and e n = (0, . . . , 1) G C n . Let K M denote the set of all equivalence classes of 
irreducible unitary representations of K which have a nonzero M-fixed vector. 
It is known that each representation in Km has a unique nonzero M-fixed 
vector, up to a scalar multiple. 

For a 5 G K M , which is realized on V$, let {ei, . . . , e^)} be an orthonormal 
basis of Vs with e\ as the M-fixed vector. Let tfAk) = (ei,5(k)ej), k G K 
and (, ) stand for the innerproduct on V$- By Peter- Weyl theorem, it follows 
that {y/dffllfij! :l<j< d(S), 5 G K M } is an orthonormal basis of L 2 (K/M) 
(see [21], p. 14 for details). Define Yf(u) = \/d(5)t s jl (k), where u = k.e n G 
S 2n ~\ k G K. It then follows that {Yf : 1 < j < d(5),S G AT M , } forms an 
orthonormal basis for L 2 {S 2n ~ 1 ). 

For our purpose, we need a concrete realization of the representations in 
Km, which can be done in the following way. See [19], p. 253, for details. For 
p, q G Z + , let P Pt g denote the space of all polynomials P in z and z of the form 

H=P |/3|=? 

Let H v q = {P G P p>g : AP = 0}. The elements of H p q are called the bigraded 
solid harmonics on C n . The group K acts on H p q in a natural way. It is easy 
to see that the space H p q is K-invariant. Let n Ptq denote the corresponding 
representation of K on H p q . Then representations in K M can be identified, up 
to unitary equivalence, with the collection {tt p ^ : p,q G Z + }. 
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Define the bigraded spherical harmonic by Yp q (oo) = \fd(p, q)t P ' q (k). Then 
{Yp q : 1 < j < d(p,q),p,q £ Z + } forms an orthonormal basis for L 2 (5' 2n ~ 1 ). 
Therefore, for a continuous function / on C n , writing z = poo, where p > 
and oo £ S 2n ~ l , we can expand the function / in terms of spherical harmonics 

as 

d(p,g) 

(2-2) f(puo) =J2J2 * P Ap)Y?' q (co), 

p,q>o j'=i 

where the series on the right-hand side converges uniformly on every compact 
set K C C™. The functions a P ' q are called the spherical harmonic coefficients 
of / and function a p,q (p)Y p ' q (oo) is known as the type function. 

We need the Hecke-Bochner identity for the spectral projections / x y?)! -1 , 
for function / £ L 2 (C n ). See [21], p. 70. For k £ Z + , the Laguerre functions 
^T 1 is defined by ^T 1 ^) = L n k -\\\z\ 2 )e~^\ where 

^r 1 w = D-i)'(*t-; 1 )j- 

is the Laguerre polynomial of degree k and order n — 1. 

Lemma 2.1. Let aP £ L 2 (C n ), where a is a radial function and P £ -P p , g . 
T/ien 

aP x ^(z) = (27r)» (a, ^ P p +q ^) P{z)^-\z) 

(2.3) = (2tt)-"P(z) a x ^ +9_1 W> 

if k > p and otherwise. The convolution in the right hand side is on the 

space C n + p+q . 

3. Sets of injectivity for the twisted spherical means 

In this section, we prove that the X-axis is a set of injectivity for the TSM 
for a certain class of functions in L 2 (C). Then, we replicate the method to 
prove that X-axis together with F-axis is a set of injectivity for the TSM for 
L q (C). In the later case, we deduce a density result for L P (C), 2 < p < oo. 

Since Laguerre function v 9 ^ -1 is an eigenfunction of the special Hermite 
operator A = — A z + ^\z\ 2 , with eigenvalue 2k+n, the projection /xy?^ -1 is also 
an eigenfunction of A with eigenvalue 2k + n. As A is an elliptic operator and 
eigenfunction of an elliptic operator is real analytic [14] , the projection / x y^ -1 
must be a real analytic function on C n . The real analyticity of / x y^ -1 can 
also be understood by the fact that / x <^ -1 can be extended to a holomorphic 
function on C 2n . Therefore, any determining set for the real analytic functions 
is a set of injectivity for the TSM on L q (C n ) with 1 < q < oo. For details 
on determining sets for real analytic functions, see [13, Q2]. Next, we find 
an expansion for / x ip° k with help of Hecke-Bochner identities for spectral 
projection. 
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Proposition 3.1. Let f G L 2 (C). Then the real analytic expansion of Qk{z) = 
f x <f1(z) can be written as 

k oo 

(3-1) Quiz) = £ CC p z^l_ p (z) + £ C° k q z^l(z). 

p=0 q=0 

Proof. We know that 

oo oo 
p=0 q=0 

Since / G L 2 (C), using the Hecke-Bochner identity for the spectral projections 
as in Lemma [2TT| we can express / x ipl(z) as 

k oo 

Q k (z) = f x <pl(z) = £C*VK>) + J2C° k q z^l(z), 

p=0 q=0 

where the series on the right-hand side converges to Q k in L 2 (C). In order to 
show that the series converges uniformly on every compact set K C C, it is 
enough to show that the series 

oo 

Hz) = £ 

q=k+l 

converges uniformly on every ball -Br(o) in C. Since Q k G L 2 (C), it follows 
that h G L 2 (C) and 

oo 

\\h\\W) = E lc*TII*MI&<c) < oo. 

q=k+l 

Since 



kVjfcllW) = \ruj\ 2q {ip q k f rdrdw 

Jo Js 1 

poo 

= 2tt / (tpl +1 - 1 ) 2 r^+V-'dr 



(3.2) = 2vr2«^±^. 

Therefore, the coefficients C° 9 's must satisfy an estimate of type 
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where C is a constant and independent of q. Now, let \z\ < R. Then, we have 

oo 

\h(z)\ < e-^l 2 K q \\z\ q 

q=k+l 

< Ce -jw v f — Vur ( - , + t)! y k( " |g| ' )J 
s 5i V 2 * + W)' 

Thus the function /i is real analytic on C. That is, the right-hand side of (13. ip 
is a real analytic function which agreeing to the real analytic function Qk a.e. 
on C. Hence (13. ip is a real analytic expansion of Qk- □ 

We would like to call (13. ip the Heche- Bochner-Laguerre series for the spec- 
tral projections. We study this series carefully and use it to prove the most 
striking results, Theorems (13 .4} I3.6P of this article. 

Theorem 3.2. Let f G L 2 (C). Suppose f x fi r (x) = 0,V r > and V x G K. 

Then / x^o = / x ^i = on C. 

Proof. Since / x /i r (x) = 0, Vr > and Vx G R, by polar decomposition, it 
follows that Qk{x) = / x V 9 fc( x ) = 0) Vx G IR and VA; G Z+. For k = 0, we have 

Qofc) = ^oVo(^) + CoVo(^) + Co 01 ^o(^) + CgVpofc) H = 0, V x G M. 

On equating the coefficients of l,x, x , ... to zero, we get C° 9 = 0,Vg > 0. 
Hence Qq = on C. From Equation (13. ip . we have 

oo 

Q^x) = CfV^x) + C 10 x^o(^) + Yl Ci°^V?(^) = 0, V x G E. 

<?=0 

Using the argument x — > — x, it follows that 

oo 

2C°V(x) + ^ C°/ m x 2m ^{x) = 0. 

m=0 

By equating coefficient of 1, x 2 , x 4 , . . . , we get ,2m = 0, for m = 0, 1, 2, 

Hence the series of Qi(x) reduces to 

oo 

Q!(x) = C7j-°x^(x) + Y,C° 1 > 2m+l x 2m+1 ¥ > 2m+ \x) = 0. 

m=0 

1 2 

By canceling e _ 4 x in the above series, we have 

Cl'°x + C°{ 2m+1 x 2m+l (2m + 2- l -x 2 \ = 0. 

m=0 ^ ' 
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On equation the coefficients of x, x 3 ,x 5 ,..., we get the following recursion 
relations 



Co 1 ' = -2C?' 1 and C°/ m+1 = - %- ■ for m = 1, 2, 3 
v ' 1 1 2 2m (m + l)!' ' ' 



Now, we can write Qi(z) = C ,0 zpl(z) + h(z), where the series 

l z 2m+1 <p 2m+1 {z) 

converges in L 2 (C). We claim that all the coefficients C^' 2m+1 ] m = 0, 1, 2, . . . 
are zero. On contrary suppose infinitely many of these coefficients are non- 
zero. Then, by the estimate ( 13. 2 p and the recursion relations (13.4)) . we have 

oo 

2 _ 1^0,2771+1 1 2 II -2m+l, 2m+l II 2 

L 2 (Q ~ 2^1°! I F ^1 Hl 2 (C) 

777=0 

OO 



7f| 1 1 ^ (2 2 -(m + l)!) 2 



. i^oii 2 v^ (2m + 2)! ^ 

= 4vr £7?' > — i '- — ~ = > b m = oo. 

I i I ^ 2 2m ((m + l)!) 2 ^ 

m=0 \ \ ' ' 777 =0 

The series on the right-hand side diverges by Raabe's test. (See, [13], p. 36). 
Since 

lim <( m ( — ^ l)l = — < 1 . 

\b m+ i J J 2 



777— >0O 



This contradicts the fact that the series h is L 2 (C) summable. Thus, we get 
£,o,2m+i _ £ Qr m = o,l,2,.... Hence, we conclude that Qi = 0. □ 

Remark 3.3. Under the same assumptions as in Theorem 13.2) it would be 
interesting to know, whether Q k = for k > 2. The argument used to show 
Qi = does not work in this case. In another attempt, using the recursion 
relations L£ = L n k ~ x + ■■■ + L™" 1 , L k - L n k _ x = L n ~ x and the result that 
/ x tp® — f x — 0, we can easily deduce that / x p\ — f x y?^- But, we are 
not able to conclude any thing more on account of the facts that / x p^ is an 
eigenfunction of the special Hermite operator A and p\ = p\ + p\ -\- p^. 

However, we prove the following partial result that any line passing through 
the origin is a set of injectivity for the TSM for a certain class of functions in 
L 2 (C). Since for any a E U(n), we have / x /i r (a.z) = (n(a)f) x /i r (z). It 
follows that a set S C C is a set of injectivity for the TSM if and only if for 
each cr e U(n), the set a.S is a set of injectivity for the TSM. In view of this, 
it is enough to prove that the X-axis is a set of injectivity for the TSM. 

Theorem 3.4. Let f E L 2 (C) and for each k E Z + the projection e^ 2 ! 2 / x p° k 
is a polynomial. Suppose / x p r (x) = 0, V r > andV x E R. Then f = a.e. 
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Proof. Since / G L 2 (C), by polar decomposition, the condition / x fi r (x) = 
0, V r > and V x G R is equivalent to / x <p%{x) = 0, V k > and V x G R. 
From Equation (13. ip . we have 

k oo 

By the given exponential condition, we can write / x (f° k (z) = P(z, z)e~^ z][2 . 
Let z = te l6 . Then for each fixed t, the function / x ip° k {te ld ) is a trigonometric 
polynomial. Using the orthogonality of e in0 it follows that there exist m = 
m(k) G Z + such that 

(3.5) / x rf(z) = £ C<f p ^l» + £ CfzVj (*)■ 

Therefore, for each k G Z + , we have 

k m 

E + £ cpsvftx) = o, v x g e. 

p=0 <j=0 

The constant term in the above expansion 2C°° = 0, hence 

k m 

E + E cpaMC*) = o, V x G M. 

p=l g=l 

On equating the coefficient of the highest degree term x m+2k to zero, we get 
C° m = 0. Similarly, continuing this argument up to x 2k , we obtained Cj? m = 
C^ m ^ = • • • = C® 1 = 0. Then equate the coefficients of x, x 2 , . . . ,x 2k ~ l to 
zero, we find Cf_ x = C|° 2 = • • ■ = Cf = 0. Thus / x (p° k = 0, VA; > 0. Hence 
/ = a.e. This completes the proof. □ 

Remark 3.5. (a). Since / x <£> fe is real analytic and the zero set of a real 
analytic function is isolated, in this case, we only need the centres to be a 
sequence in R having a limit point. It is clear from (I3.5P that any curve 
7 := {(ji(t), 72^)) : £ G K}, where 7,, j — 1,2 are polynomials is also a set of 
injectivity for the TSM. A natural question is that 7 := (71,72) with j/s are 
real analytic is a set of injectivity for the TSM. We believe that this will help 
in characterizing non-injectivity sets for TSM. 

(b). Let us consider the functions 

00 m 

/ m ( 2 ) = E^°(M)^ + E a ° 9 (N)^ 

p=0 q=0 



Then by the similar argument as in the proof of Theorem 13.21 we can easily 
deduce that e^' 2 ' f m x (p® is a polynomial. In fact these are the only functions 
for which e^ 2 ! 2 / x ip® is a polynomial. This can be seen from Equation ( 13. 5p . 
when we reverse the process using the Hecke-Bochner identities. Thus the 
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space considered is just not empty, it includes all the sequence (/ m ) which 
converges to 

oo oo 

/(*) = ^°(|z|)^ + X> 09 (M)^ 

p=0 q=0 

in L 2 (C). We believe that the proof of Theorem 13 A\ without exponential con- 
dition on spectral projection would need a finer argument and hence we prefer 
to return to this question later. 

Next, we prove the stronger result that X-axis together with y-axis is a set 
of inject ivity for the TSM for any function in L q (C). 
For 7] G C, define the left twisted translate by 

T v f(0 = m-V)e* lm ^. 

Then T v (f x fi r ) = r v f x fi r . Let S be a set of injectivity for the TSM on L 9 (C). 
Suppose / x n r {z — rf) = 0, Vr > and Wz G S. Then 

T v f x /i r (z) =r v (f x /i r )(z) = e^-^f x fi r (z - rj) = 0, 

for all r > and Vz G S. Since the space L q (C) is twisted translations invariant, 
it follows that a set 5* C C is set of injectivity for the TSM if and only if for each 
7] G C, the set S — rj is a set of injectivity for the TSM. That is, the Euclidean 
translate of the set 5* is also a set of injectivity for the TSM on L 9 (C). By 
rotation and translation, it is obvious that any two perpendicular lines can be 
set of injectivity for the TSM, provided X-axis and Y-axis together is a set of 
injectivity for the TSM. 

Theorem 3.6. Let f G L q (C),forl <q<2. Suppose f x /i r (x) = fx/j, r (ix) = 
0,V r > and V x G R. Then f = a.e. 

Let / G L q (C). Then by convolving / with a right and radial compactly 
supported smooth approximate identity, we can assume / G L 2 (C). Let us 
consider the Hecke-Bochner-Laguerre series 

k oo 

(3.6) Q k (z) = KVM-pW + C?*M(*)) + £ C?zM(s). 
p=i p=fc+i 

The proof is now based on symmetries and then cancelations. We decompose 
the above series into four (disjoint) series, each of which after equating its 
coefficients to zero, gives a system of solvable recursion relations. Using these 
recursion relations together with some basic properties of Laguerre polynomi- 
als, we show that all the coefficients appeared in the series f)3.6p are zero. 

Let E + and + denote the sets of even and odd positive integers respectively. 
Let E k = E + n {1,2, ... ,k}, F k = E + n {k + 1, k + 2, . . .}, G k = 0+ n 
{1,2,..., k} and H k = + Pi {A; + 1, k + 2, . . .}. Then, we can decompose the 
above series as Qk(z) = U k (z) + V k (z 2 ), where 

Uk(z) = J2 (^K>) + c2W fc (*)) + E 
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and 

V k {z 2 ) = £ (CJVVWz) + c?*VE(*)) + E 

We shall call U k and as odd and even series respectively. For x G R, it is 
given that U k (x) + Vk(x 2 ) = 0. Using the argument x — > —x, we have U k (x) = 
Vfc(x 2 ) = 0. Similarly, U k (ix) + V k {(ixf) = 0, implies U k (ix) = V k {{ix) 2 ) = 0. 
Indeed, we can put these conditions as follow. 

(A) : U k (x) = U k (ix) = and 

(B) : V k (x 2 ) = V k {{ix) 2 ) = 0. 

In order to prove Theorem I3.6[ we prove that Qk = 0, V/c > 0. Now, we divide 
the proof into two parts: < k < 3 and k > 4. 

Lemma 3.7. Lei / G L 2 (C) and < A; < 3. Suppose Q k (x) — Qk{i%) — 
0, Vx G R. T/ien Q k = 0. 

Proof. Since, we have shown in Theorem 13.21 that Q = Q 1 = 0, we only need 
to prove Qk = for = 2, 3. For = 2, by conditions (A), we get a pair of 
equations 

oo 

x (c l M(x) + c 2 °V^)) + E cf^ 1 ^" 1 ^- 1 ^) = o, 

m=2 

oo 

x (CjVfts) - CjVfc)) + ^(-l) m C7 2 °' 2m - 1 x 2m -Vr- 1 (x) = 0. 

m=2 

On adding these two equations, we have 

oo 
m=2 

By equating the coefficients of 7 , . . . to zero, we get C\ a = and 

£,o,4m-5 _ f or m _ 2,3,.... Similarly by subtracting and then equating 
the coefficients of , ... to zero, we obtain C 2 01 = and = 0, for 

m = 3, 4, . . . . Hence = 0. By conditions (B), we have 

oo 

x 2 (c 2 M + c°M) + E cf™* 2 >r(*) = o, 

m=2 

oo 

-x 2 (C*Vg + C 2 °V 2 ) + ^(-l) m Cf m x 2m ^ m (x) = 0. 

m=2 

In a quite similar way, we find Vi = and hence Q2 = 0. Here, by adding 
and subtracting, we get the coefficients to be more disjoint, which is the only 
difficulty we need to resolve. The method used in this case will be repeated 
for k > 3. 

For k = 3, by conditions (A), we have 

00 

x {C?<p\{x) + C°M(x)) + £ L7f- V-Vr-V) = 0, 

m=3 
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oo 

x (c 2 io ^(x) - c°M(x)) + E^r^-v-vr- 1 ^) = o. 

m=3 

As very similar to above, the pair of equations implies that C/3 = 0. By condi- 
tions (B), we have 

00 

x 2 (c?v?(s) + cf ^(x)) + e cr m x^r( X ) = 0, 

m=2 



-x 2 



m=2 



This shows that V3 = and hence Q 3 = 0. □ 

Next, we prove the following lemma for the case k > 4, which completes the 
proof of Theorem 13.61 

Lemma 3.8. Let f G L 2 (C) and k > 4. Suppose Qk(x) = Qk{i%) = 0, Vi 6 
E. Then Q k = 0. 

Proof. First, we show that the odd series Uk = 0,VA; > 4. By conditions (A), 
we can write 

E xP (czVW*) + cptfto) + E = 

E KV*-^) - cjvgo*)) + E (-i)^w fc (*) = 0. 

peG fe pei/ fc 
By adding and subtracting, we get two series in which there are no common 
coefficients. On equating the coefficients of x, x 3 ,x 5 ,..., in both the new 
series to zero, we get all the coefficients of odd series Uk are zero. Hence 
Uf. = 0,V/c > 4. Since i A = 1, it shows that there must occur some change 
in the pattern of the even series 14 for k > 4. For instance consider V4. By 
condition (B), we have 

x 2 (C 2 V 2 (x) + C 4 °V 2 (x)) + x 4 (C 4 V 4 (x) + C 4 °V 4 (x)) + 



J2 C°/ m x 2m <pl m (x) = 0, 



m=3 



-X 



2 (C*V*(*) + C°M(X)) + X 4 + c 4 °V 4 (x)) + 



E(-l) m C4 ,2m ^ 2m ^4 m (^) = 0. 
m=3 

On adding and subtracting, we get the two series 

00 

(3.7) x 4 (C-Vfc) + C°V 4 (x)) + E Q°' 4(m - 2) x 2m ^ 4 (m - 2) (x) = 0, 

m=4 

OO 

(3.8) x 2 (c 2 v 2 (x) + c 4 o2 ^ 2 (x)) + e c i "V™-vrw = 0. 

m=3 
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By equating the coefficients of x 4 , x 6 , x 8 , . . . , in Equation (13.Tj) to zero, we get, 
all the coefficients in (13. 7p are zero. By canceling e~^ x in series ( 13. 8 p and 
using x 2 — > 2x, we have 



2x (C 20 L 2 (x) + CfL\{x)) + E C 4 °' 4m - 6 (2x) 2m - 3 L 4m - 6 (x) = 0. 

m=3 

On equating the coefficients of x and x 2 to zero, we get 

( , q) ( Ll(0) L 2 (0) \(C?\_( 6 6 \ /C 20 
(3 ' 9) V (^)'(O) (^)'(O) ){cr )-{ -4 -20 ) { Cf 

Thus C|° = C4 2 = and hence we find V4 = 0. Equivalently, we can use 
onwards to write: on equating the coefficients of x 2 and x 4 in Equation (13.81) to 
zero, we get Equations (I3.9p . Now, it only remains to show that Vk = 0, VA; > 5. 
In this case, by conditions (B), we have 

E xP ( C *>i- P + + E c > p rt = °> 

We further require a partition of the set E = Ai U A 2 , where Ax = {4t — 2 : 
t G N} and A2 = {4t : t G N}. By adding and subtracting, we will get the 
following pair of series having brackets. 

(3.10) e E c?vvs = o> 

(3.11) E E ^M = o, 

Since the matrix 

^-p(0) Ll(Q) 
(^Lp)'(O) (^)'(o) 

is non-singular and p 6 A2, the brackets in ( I3.10P is not a problem. Hence 
on equating the coefficients of 6 , . . . to zero in (I3.10p . it follows that 

all the coefficients in (I3.10p are zero. Similarly, in (13. lip , as p in Ai, it also 
follows that all the coefficients in (13. lip are zero. Thus we find Vk = 0, V/c > 5 
and hence Qk = 0,VA; > 0. This completes the proof. □ 

Remark 3.9. (a). We can also prove the general case by calculating case- wise, 
when k = 2m, 2m + 1 and p = 4t — 2, 4t, but it would only make the calculation 
to be more complicated. In another attempt, to get a more transparent proof 
of Theorem I3.6[ keep applying the right invariant operator A = + ~z to 
Qk{z)- Then a straightforward calculation shows that 

A p Q k (0)=plrt_ p (0)C?_ p , 
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if p < k and otherwise. By the condition Q k (x) = Q k (ix) = 0,Vx G R, 
it follows that AQ k (0) = 0. This implies C^_ x = and in turn Cf = 0. In 
view of this, we can immediately conclude that Q\ = 0. But for k > 2, the 
conditions on Q k do not imply A p Q k (0) = 0, when p > 2, otherwise this would 
leads to a more transparent proof of Theorem 13.61 

(b) . In Theorem I3.6[ we have shown that any two lines having angle 7r/2 is a 
set of injectivity for the TSM on C. However, the question that any two lines 
having positive angle less than n/2 can be a set of injectivity for the TSM on 
C is still unanswered. 

(c) . Consider Coxeter system of iV-lines Z N = [jfj Q l {te iei : 0, = &,t G R}. 
Suppose Q\ = 7r/2. Then I = N/2. By Theorem 13.61 it follows that any Coxeter 
system of even number of lines is also a set of injectivity for the TSM on L q (C). 

Next, we set to describe the problem for any Coxeter system of odd lines. 
Let l,a;, o; 2 , . . . , o;^" 1 be the N roots of unity. Then = U^^-fo/x : x G R}. 
We have formulated this problem in the following way. 

Conjecture. Let / G L 2 (C). Suppose / x /i r (o/x) = 0,Vr > 0, and / = 
0, 1, . . . , TV - 1 and V x G R. Then / = a.e. 

We would like to produce some evidence about the feasibility of this problem. 
In this case, we also get a system of solvable recursion relations by decomposing 
the series using symmetries, however those recursion relations for higher values 
of k, gives rise to a higher order square matrix, which is needed to show non- 
singular. This is the only difficulty in getting a solution to this problem. Since 
Qk{oj l x) = 0, V/; I — 0, 1, . . . , N — 1 and Vx G R, as similar to Theorem 13.6} 
we will have the following conditions. 

(A) : U k (w l x) =0,V/; / = 0, 1, . . . , N - 1 and 

(B) : V k ((u l x) 2 ) = 0,V/; I = 0, 1, . . . , TV - 1. 

For N = 3, by a simple argument that find all odd positive integers which 
are not divisible by 3, we can find a partition of the set of natural numbers 
as N = U 2 =0 A i; where A = {1,2,3,4}, A l = {6t - l,6t : t G N} and 
A 2 = {6t + 1, 6t + 2, 6t + 3, Gt + 4 : t G N}. 

For k G A Q , the conditions (A) together with the facts 1 + lo + o; 2 = and 
o> 3 = 1, implies that 

C° k 3 xV k + Cfx^l + ■ ■ • = 0. 

On equating the coefficient of x 3 , x 9 , . . . to zero, we get Cj? 3 = C° 9 = • • • = 0. 
Hence the odd series U k reduces to 

(3.12) x (Cl^U + C£V1) + Cfx^l + CjVrf + • • • = 0. 

On equating the coefficients of x and x 3 in Equation f)3.12p to zero, we get 
(3.13) 

( 4-i(0) 4(0) \(ci\\_( k k + i\(c™ 1 \_ 
V (^ti)'(o) (4)'(o) A c l l ) " V ^ J V ^ ~ 
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Thus Cl\ = Cf = and hence we find U k = 0, Vfc G A . For k G {1, 2, 3}, by 
condition (B) and the facts 1 + u + u 2 = and w 3 = 1, we have 

ctx^i + crvvi 2 + • • • = o. 

This shows that C® 6 = C2' 12 = • • ■ = 0, and in turn the even series V k reduces 
to 

Let = L^(0). On equating the coefficients of x 2 ,x 4 and x 6 to zero, we get 



F 2 


F 2 
r k 


\ 


( cf_ 2 


F 2 


-F 3 


Fk 







F 4 

r k-2 


-Ft, 





This implies Cf_ 2 = Cf = Cf = 0. Thus, it follows that V k = and hence 
Qfc = 0, for k G {0, 1,2,3}. This gives a strong evidence about the existence 
of the Problem. We would also like to focus on to the proof, for higher values 
of k. Let k G Ai U A 2 . Then by the conditions (A) together with the facts 
1 + u + u 2 = and u 3 = 1, the odd Series U k reduces to 

+ • • • + x r (c r k °_ rV i_ r + c°v fc ) + • • • + ef*V fc + • • • = o. 

On equating the coefficients of x and x 3 to zero, we get C k J ^ 1 = C® 1 = 0. Thus 

* 5 (el VL 5 + + J (cF-rd-r + + ■ ■ ■ 

(3. 14) +x r (Cl°_ r <pl_ r + CgVfl +■■■ + C k j x^i + • • • = 0. 

The main problem here is to remove the brackets (mixed term) in this series. 
Then, it is easy to show that rest of coefficients are zero. To remove the 
brackets, we need to identify the indices r, j, appeared in (13.141) and the number 
of equations m required. By Equation (I3.14p . we can write the following table. 



k 


r 


J 


m = - 2 


k — r 


ke Ai 


6t- 1 


2k - 1 


k-2 


0,1 


ke A 2 


Qt + 1 


2k + 1 


fc-1 


0,1,2,3 



Let k G A]_. Equate the coefficients of 3 to zero. In order to show 

that coefficients in the brackets are zero, we need to show that the following 
matrices are non-singular. For k = 5, we have the matrix 



F 5 


Fi 








-Ft 


F 1 





n 


-F s 



which is non-singular. For higher values of k, we get the higher order ma- 
trices which should be non-singular. This is the only difficulty in the above 
arguments. Hence, we leave this problem open for future research. 
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Remark 3.10. In the case, when N = 1 (without exponential decay), we can 
not obtain the m x m matrices. However for N > 3, we have the m x m 
matrices which is needed to be non-singular. 

From Remark l3. 91 (b). it is clear that the set Y<2N is a set of injectivity for the 
TSM for L q (C), with 1 < q < 2. As a dual problem, it is natural to ask that 
S 2 jv is a set of density for L P (C), for 2 < p < oo. The following result would 
emerge as the first result about the sets of density in terms of the TSM. Let 
C|(C) denote the space of radial compactly supported continuous functions 
on C. Let r z f(w) = f(z - w ) e ¥™( z -™). 

Proposition 3.11. The subspace & (E 2N ) = Span {tJ : z G E 2N ,f G Cj(C)} 
is dense in L P (C), for 2 < p < oo. 

Proof. Let - + - = 1. Then 1 < q < 2. By Hahn-Banach theorem, it is enough 
to show that ^(£2^ = {0}. Let g G L q (C) be such that 

/ r z f(w)g(w)dw = 0, z G S 2W , V/ G C|(C). 

That is, 

» x /0) = / x 9{z) = 0. 

Let the support of / be contained in [0, t]. Then by passing to the polar 
decomposition, we get 

/ g x ii r {z)f{r)r* nr - 1 dr = 0. 

Jr=0 

By differentiating the above equation, it follows that g x Ht{z) = 0, Vt > and 
V2; G S2iv- Thus by Theorem 13. 6 j we conclude that g = a.e. on C n . □ 

4. Discussion on sets of injectivity in higher dimension 

More generally, similar to the work of Agranovsky and Quinto [2], let / G 
L} oc (C n ) and write S(f) = {z G C n : / x /i r (z) = 0,V r > 0}. Our main 
problem is to describe the complete geometrical structure of S(f) that would 
ensure which "sets" are sets of injectivity for the TSM. There is one such 
result. 

Lemma 4.1. Let f G L p (C n ) fl C(C n ), for 1 < p < 00. T/ien 

00 

^(/)=n^ i (°)- 

fc=0 

Proof Let z G ^(Z). Then by polar decomposition, it follows that Qk(z) = 
0,VA; > 0. Conversely, let Q k {z) = 0,VA; > 0. Then 

POO 

/ / x ^(z^-^ry^dr = 0, \/k > 0. 

ir=0 
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Since the set {^T 1 : k = 0, 1, 2, . . .} is an orthonormal set for L 2 (R+, r 2n 1 <ir) 
and / x ii r (z) is continuous in r, it follows that / x /i r (z) = 0,Vr > and 
hence z G □ 

Next, we find out S(f) for the type function f(z) = a(\z\)P(z) on C n . 
For this, we need the following result of Filaseta and Lam [9], about the 
irreducibility of Laguerre polynomials. Define the Laguerre polynomials by 

k 



i=0 

where k G Z + and a G C. 



n V / 



Theorem 4.2. [9] Let a be a rational number, which is not a negative integer. 
Then for all but finitely many k G Z +; the polynomial L^(x) is irreducible over 
the rationals. 



Using Theorem I4.2[ we have obtained the following corollary about the zeros 
of Laguerre polynomials. 

Corollary 4.3. Let k G Z+. Then for all but finitely many k, the Laguerre 
polynomials L'^~ 1 (x) 's have distinct zeros over the reals. 

Proof. By Theorem 14. 2\ there exists k Q G Z + such that L£ -1 's are irreducible 
over Q whenever k > k Q . Therefore, we can find polynomials P\,Pi G Q[x] 
such that PiLJJ" 1 + P 2 L k l ~ 1 = 1, over Q with ki,k 2 > k . Since this identity 
continue to hold on R, it follows that L^ 1 and L^~ l have no common zero 
over R. □ 

Proposition 4.4. Let f be a non-zero type function f = aP G L 2 (C n ), where 
P G H p ,g- Then S(f) = P~ 1 (0) U F, where F is a finite union of spheres in 
C n . 

Proof. Since / ^ 0, there exists at least some k G Z + for which Q A T 1 (0) 7^ C n . 
Therefore, 

g fc - i (o)=p- i (o)u(^rr"T 1 (o), 

for some k G Z + . Hence = P^(0) UP. □ 

Proposition 4.5. Lei / = aP G L 2 (C n ) ; where P G P P , g . Suppose Qk is not 
identically zero on C n , for all but finitely many k. Then S(f) = P~ 1 (0). 

Proof. Since Q k (z) = /x^ _1 . Then by LemmaEJ we have = ngLoQ^O). 
By Hecke-Bochner identity, we can write 

Q k (z) = (27r)"<a,^ +9 - 1 >P(^)^ +9 - 1 (z). 

Since ^ for infinitely many fc G Z + . Therefore, 

Q?(o) = p~\o) u ( v T4 +q ~Y (°) ^ cn > 

for infinitely many k. In view of Corollary 14. S\ the functions v 9 fc-p +<?_1 ' s can 
not have a common zero except for finitely many k G Z + with k > p. Hence, 
we conclude that S(f) = P _1 (0). □ 
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Now, we would like to address the problem in the higher dimensional space 
C n with n > 2. Let / G L 2 (C n ). Consider the spherical harmonic decomposi- 
tion of / as 

oo oo d(p,q) 

(4.1) /w=EEEWW 

p=0 q=0 j=l 

In view of the Hecke-Bochner identities (12.31) . we conclude that 

k oo d(p,q) 

p=0 q=0 3=1 
ko oo 

p=0 g=0 

Now look at the following concrete expression for the spectral projections 

k oo 

(4.2) Q k (z) = EE P P " ( z M- P p +q ~\^ P"q G fip, 9 - 

p=0 g=0 

Remark 4.6. (a). As very much similar to complex plane C, our believe 
suggest that any Coxeter system of hyperplanes can be a set of injectivity for 
the TSM on C n . For instance on C 2 , suppose the function 

2 2 

Q{Z\, Z 2 ) = ^ ( a P Z l + K Z l) + E ( C ^ 1<? + d 1^ q ) 
p=l q=l 

vanishes on each of co-ordinate axis, i.e., Q(x, 0) = Q(ia;,0) = Q(0,x) = 
Q(0,ix) = 0,V:r G R. Then Q = 0. As another example, consider a typical 
polynomial P(zi,z 2 ) = cz\z\ G Suppose P(zi,£ 2 ) = 0,V^i G C and 

\/x 2 G R. Then P = 0. In view of these arguments, write 

5 = (C x R) U (C x iR) U (R x C) U (iR x C). 

It is natural to ask, whether the set S can be a set of injectivity for the TSM 
on L q (C 2 ), for 1 < q < 2. 

(b). Let us rewrite Q^f = / x y^ -1 - From the explicit expression of Qfc, 
given by ( 14. 2p . it follows that 

fc oo 

(4.3) \\Q k f\\i = J2H K(f)\\l H-T~X > 

p=0 g=0 

where V^(/)'s are spherical harmonics depending upon /. In the work [22], 
Stempak and Zienkiewic have established that for / G L r (C n ), with 1 < r < 
2W+3 ' ^ e °P era tors Qk satisfy the estimate HQfe/lh < Cfcll/Hr- On the basis 
of the equality ( 14. 3p . it is natural to ask, whether the map / — > f x y^" 1 would 
satisfy an end point estimate. 
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(c). Let n be a finite Borel measure which is supported on a curve 7 and S be 
a non-empty set in IR 2 . Then the pair (7, S) is called a Heisenberg Uniqueness 
pairs (HUP) for /1 if its Fourier transform fi(x,y) = 0, V (x, y) G S, implies 
[i = 0. In a recent work [T2], Hedenmalm et al. prove the following result. 
Suppose fi is supported on the hyperbola 7 = {(x,y) : xy = 1} and /a 
vanishes on the lattice-cross S = qZ x {0} U {0} x /3Z. Then /x = if and 
only if a/3 < 1, where a, /3 G R+. This is a variance of uncertainty principle for 
Fourier transform. In view of this and the fact that x \i is real analytic, it 
is natural to ask the following question. Let fi be a finite measure supported 
on a real analytic curve 7 and 5* be a non-empty set in C. Then find all those 
non-trivial pair (7, S) such that ip\ x (i(z) = 0, Wz G 5 and VA; > 0. Implies 
/i = 0. Here, we skip to write further details about these ideas and they might 
be appear in the successive work. 

Concluding remarks: We would like to point out the key motivation behind 
X-axis together with Y-axis is a set of injectivity for the TSM on C. Consider 
the function Q(z) = cqz + c\z + C2Z 3 + C3Z 3 . Suppose Q(x) = Q{ix) = 0, Vx G K. 
Then Q = 0. This result can also be interpreted on the Heisenberg group for 
the spherical means given by (12.11) . The set E 2 at = 
is a set of injectivity for the spherical means on HI 1 . 
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